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Abstract. In this contribution, we studythe problemof prior selectionarisingin Bayesianinfer-

ence.Thereis an extensve literatureon the constructiorof noninformative priors andthe subject
seemdar from a de nite solution[1]. Herewe revisit this subjectwith differentialgeometrytools
and proposeto constructthe prior in a Bayesiandecisiontheoreticframewvork. We shov how the

constructionof a prior by projectionis the bestway to take into accountthe restrictionto a partic-

ular family of parametriomodels.For instancewe apply this procedureo the curved parametric
familieswheretheignorances directly expressedy the relative geometryof the restrictedmodel
in thewider modelcontainingit.

INTRODUCTION

Experimentalsciencecanbe modeledas a learningmachinemappingthe inputs  to
theoutputs (see gure ). Thecomplity of the physicalmechanismunderlyingthe
mappinginputs/outputor the lack of information make the predictionof the outputs
giventheinputs (forward model) or the estimationof the inputsgiventhe outputs(in-

verseproblem)adif cult task.Whenaparametridorwardmodel Isassumed
to be available from the knowledge of the system,one can usethe classicalML or
whena prior model is assumedo be availabletoo, the classical
Bayesiammethodscanbe usedto obtainthe joint a posteriori andthenboth
and from whichwe canmake ary inferenceabout and . Butin mary
practicalsituationsthe questionof modeling and is still openandto vali-
dateamodel,oneuseswvhatis calledthetrainingdata . Thentherole of

statisticalearningbecomdryingto nd ajoint distribution belongingin generato
thewhole setof probability distributionsandto exploit the maximumof relevantinfor-
mationto provide somedesiredpredictionsin this paperwe suppose¢hatwe aregiven

sometrainingdata and andsomeinformationaboutthe mappingwhich con-
sistsin a model of probability distributions, parametrid )
or non parametricOur objective is to constructa learningrule mappingtheset of
training data to a probability distribution or to a probability

distributionin thewhole setof probabilities



inputs outputs

Figure . Learningmachinemodelof experimentakcience

TheBayesiarstatisticalearningleadsto asolutiondependingyntheprior distribution
of theunknown distribution . In the parametricasethisis equialentto theprior
on the parameter . Finding a generalexpressionfor and how this expression
re ects the relationshipbetweena restrictedmodel and the closer set of ignorance
containingt arethemainobjectivesof this paperWe show the prior expressiordepends
onthechosergeometry(subjectve choice)of the setof probabilitymeasuresie shov
that the entropic prior [Rodriguez , [2]] and the conjugateprior of exponential
familiesarespecialcaseselatedto specialgeometries.

In sectionl, wereview brie y someconcept®f Bayesiargeometricabtatisticalearn-
ing andthe role of differentialgeometry In sectionll, we develop the basicsof prior
selectionin a Bayesiamdecisionperspectie andwe discusshe effect of modelrestric-
tion both from non parametrico parametriomodelizationand from parametriccamily
to a curved family. In sectionlll, we studythe particularcaseof - at familieswhere
previous resultshave explicit formula.In sectionlV, we comeacrossthe caseof - at
familiesmixture.In sectionV, we applytheseresultsto a coupleof learningexamples,
the mixture of multivariateGaussiarclassi cationandblind sourceseparationWe end
with a conclusiorandindicatesomefuture scopes.

|. STATISTICAL GEOMETRIC LEARNING

.1 Massand Geometry

The statisticallearning consistsin constructinga learningrule  which mapsthe
trainingmeasurediata to aprobabilitydistribution
(the predictive distribution). The subset is in generala parametricmodelandit is
calledthe computationamodel.Therefore pur targetspacds the spaceof distributions
andit is fundamentako provide this spacewith, at leastin this work, two attributes
which arethe mass(a scalar eld) anda geometry The massis de ned by ana priori
distribution onthespace beforecollectingthedata andmodi ed accordingo
Bayesiarrule afterobservinghedatato give thea posterioridistribution (see gure ):



where IS thelik elihoodof the probability to generatéhedata .

Figure . a posteriorimassproportionalto the product
of thea priori massandthelik elihoodfunction.

Thegeometrycanbede ned by the -divergence

whichis aninvariantmeasureinderreparametrizatioof therestrictedparametrianodel
. It is shovn [Amari 1985,[3]] that, in the parametrionanifold , the -divergence

inducesa dualistic structure , Where is the Fisher metric, the

connectiorwith Christofel symbols and its dualconnection:

Theparametriananifold is - at if andonlyif thereexistsaparameterization such
thatthe Christofel symbolsvanish: . Thecoordinates arecalledtheaf ne
coordinateslf for adifferentcoordinatesystem , theconnectiorcoefcients arenull
thenthetwo coordinatesystems and  arerelatedby anafne transformationj.e
thereexistsa matrix andavector suchthat :

All theabove de nitions canbe extendedo nonparametridamiliesby replacingthe
partial derivativeswith the Fréchetderivatives. Embeddingthe model in the whole
spaceof nite measures [Zhu etal. 1995,[4, 5]] not only the spaceof probability
distributions , mary resultscanbe proven easilyfor the mainreasorthat is - at
and -corvex in . However, is -at for only and -corvex for

. For notationcorveniencewe usethe -coordinates of apoint de ned as:

A curwe linking points and is a function , suchthat

and . A cureis a -geodesidn the -geometryif it is a straightline in the
-coordinates.



[.2 Bayesianlearning

The lossquantity of a decisionrule with a x ed -geometrycanbe measuredy
the -divergence betweerthetrue probability andthedecision . This
divergenceis rst averagedwith respecto all possiblemeasurediata andthenwith
respecto theunknowvn true probability which givesthegeneralizatiorerror

Thereforetheoptimalrule is theminimizerof thegeneralizatiorerror:

Thecoherencef Bayesiarlearningis shovn in [Zhu etal. 1995,[4, 5]] andmeanghat
theoptimalestimator canbecomputedointwiseasafunctionof andwedon't need
agenerakxpressiorof theoptimalestimator :

(1)

By variationalcalculation the solutionof (1) is straightforvardandgives:

The above solutionis exactly the gravity centerof theset with mass , thea
posterioridistributionof andthe -geometryinducedbythe -divemgence .Herewe
have the analogywith the staticmechanicandtheimportanceof the geometryde ned
on the spaceof distributions. The whole spaceof nite measures is -corvex and
thus,independentlyn the a posterioridistribution thesolution belongsto

.3 Restricted Model

In practicalsituations we restrictthe spaceof decisionsto a subset . isin
general parametriananifoldthatwe supposeo beadifferentiablemanifold. Thus is
parametrizedavith acoordinatesystem where is thedimensionof themanifold.

is alsocalledthecomputationaimodelandwe preferthisappellatiorbecaus¢hemain
reasorof therestrictionis to designandmanipulatethe points  with their coordinates
which belongto an opensubsetof . However, the computationaimodel is not
disconnectedrom non parametricmanipulationsandwe will shav that both a priori
and nal decisionscanbelocatedoutsidethe model

Let'scomparenow thenonparametridearningwith the parametridearningwhenwe
areconstrainedo a parametrianodel

1. Non parametric modeling: The optimal estimateis the minimizer of the gener
alizationerror wherethe true unknowvn point is allowedto belongto the whole



space andtheminimizer is constrainedo

(2)

Thusthe solutionis the -projectionof the barycentre of onto
themodel (seegure ).

-projection

T

Figure . Projectionof thenonparametricsolution
ontothe computationamodel

2. Parametric modeling: The optimal estimateis the minimizer of the samecost
function asin the non parametriccasebut the true unknovn point  is alsocon-

strainedo bein

(3)
The solutionis the -projectionof the barycentre of ontothe
model (seegure ).

Figure . Projectionof the barycentresolution
ontotheparametrianodel



Theinterpretatiorof the parametrianodelingasa non parametriooneandthe effect
of suchrestrictioncanbe donein two ways:

1. Thecostfunctionto be minimizedin equation(3) is the sameasthe costfunction
in (2)when is allowedto belongto thewholeset andthea posteriori is
zerooutsidethemodel . Thisisthecasewhentheprior has asits support.
Howeverthisinterpretationmpliesthatthe bestsolution whichis the barycentre
of canbelocatedoutsidethemodel andthushasa priori azeroprobability!

2. The secondinterpretationis to say that the cost function to be minimized in
equation(3) is the sameasthe costfunctionin (2) whenthe a posteriori
is the projectedmassof the a posteriori ontothemodel . We notehere
therole of thegeometryde ned onthespace andtherelatve geometricshapeof
the manifold. For instancetheignorances directly relatedto the geometryof the
model . Theprojecteda posteriorior a priori canbe computedoy:

where designsthe a priori or the a posteriori distribution and

thesetof points whosethe -projectionisthe in
Themanipulatiorof theseconceptsn thegenerakases very abstractHowever, in
sectionlV, we presentheexplicit computation$n thecaseof restrictecautoparallel
parametricsubmanifold of -at families.

II. PRIOR SELECTION

The presensectionis the main contribution of this paper We addresserethe problem
of prior selectionin a Bayesiandecisionframewvork. By prior selectionwe meanhow
to constructa prior respectingthe following rule: Exploit the prior knowledge
without addingirrelevantinformation.We notethatthis represents tradeoff between
somedesirablebehaiour and uniformity of the prior. We wantto insist here,thatthe
prior selectiormustbe performedbeforecollectingthedata , otherwisethe coherence
of theBayesiarrule is brokendown.

In a decisionframenork, the desirablebehaiour can be statedas follows: Before
collectingthetraining data,provide areferencelistribution  asadecision.Therefer
encedistribution canbe provided by anexpertor by our previous experience Now, we
have the inverseproblemof the statisticallearning.Before,the a posterioridistribution
(mass)is x edandwe haveto nd the optimal decision(barycentre) Now, the opti-
mal decision (barycentre)s x edandwe haveto nd the optimal repartition
accordingto the uniformity constraintin orderto have the usualnotionsof integration
andderivation,we assumehatour objectveisto nd theprior onthe parametrianodel

Thecostfunctioncanbe constructecsa weightedsumof the generalizatiorerror of
the referenceprior andthe divergenceof the prior from the Jefreys prior (The square
root of the determinanbf the Fisherinformation[6]) representinghe uniformity. It is



worthnotingthatwe areconsideringwo differentspacesthespace of nite measures
andthe spaceof prior distributionson the nite measuresSincewe have two distinct
spaceswe can choosetwo different geometrieson eachspace.For example, if we
considerthe -geometryon the space andthe -geometryon the spaceof priors,
we have thefollowing costfunction:

(4)

where isthecon dencedegreein thereferencealistribution and theuniformity
degree.Consideredndependentlythesetwo coefcients are not signi cant. However,
theirratiois relevantin the following. The cost(4) canberewritten as:

where is thegeneralisatiorerrorof a x edlearningrule . By variationalcalcu-
lation, we obtainthe solutionof the minimizationof the function(4):

N (5)

We notethat if thenthe costfunction (4) is the kullback-Leiblerdivergence
betweerthejoint distributionsof dataandparameterasconsideredn [Rodriguez1991,
[2]] andif we obtainthe conjugateprior for exponentiafamilies(seeexamplesn
sectionVIl). Whenthevalueof theratio goesto , we obtaintheJefreys priorand
whenthisratiogoesto  we obtainthe Dirac concentrate@n

The modelrestrictionto the parametriamanifold is essentiallyffor computational
reasonsHowever, thereferencalistributionis aprior decisionanddoesnotdepencdna
postprocessingfter collectingthe data.Therefore the referencalistribution  canbe
locatedin thewholespaceof probabilitymeasuresiVe canalsohave eitheradiscreteset
of referencalistributions weightedby or acontinuoussetof reference
distributions(a region or the whole setof probability distributions) with a probability
measure correspondingo theweights in thediscretecaseWe shaw in the
following thatthe prior solution hasthe sameform as(5).

1. : Whenthereferencealistribution  is locatedoutsidethe model , the -
divergence in the expression(4) canbe decomposedccordingto the
generalizedPythagoreelation[Amari etal. 2000[7]]:

where isthe -projectionof onto (seegure ).



projection

Figure . Theequvalentof thenonparametriaeferencalistribution
isits projectionontothe parametrianodel

Giving the prior solution:

2. Whenwe have referenceistributions , the costfunction
(4) becomes:

(6)

If wede ne the -barycentre of thesystem as

andthe the projectionof  onto ,thesolution of theminimizationof
(6)is:



projection

Figure . Theequvalentreferencalistributionis the projection
of the barycentreof the referenceslistributions.
3. Whenwe have a continuousset of referencedistributions with a mass

distribution , the costfunctionis transformedo:

(7)
In the sameway, we de ne the barycentre of as:
andthe the projectionof onto ,thesolution of theminimizationof
(7)is:

is themasscentre
of
projection
\

Figure . Theequvalentreferencalistribution of a continumreferenceegion
is the projectionof the expectatiorreference.



The above resultsshowv that whatever the choiceof the referencdistribution is, the
resultingprior hasthesameorm with acertain(nonarbitrary)referenceprior belonging
tothemodel . Theexistenceof mary referencalistributions(or evenacontinuousset)
indicatesmplicitly theexistenceof hyperparametendtheresultingsolutionshovsthat
this hyperparametes integratedandat the sametime optimizedif thea priori average
(thebarycentre)s consideredisanoptimizationoperation.

ll. -FLAT FAMILIES

In this sectionwe studytheparticularcaseof - at families. isa at manifoldif and
only if thereexistsa coordinatesystem  suchthatthe connectioncoefcients
arenull. Wecall  anafne coordinatesystemlt is knownthat - atnessis equvalent
to atness.Thereforethereexistdualaf ne coordinates suchthat
Oneof themary propertieof - at familiesis thatwe canexpressjn asimpleway, the
-divergence  asafunctionof the coordinates and andthusary decisioncanbe
computedvhile manipulatinghe realcoordinateslt is shovn in [Amari 1985,[3]] that
thedualafne coordinates and  arerelatedby Legendretransformationgndthe
canonicaldivergenceis:

where and arethedualpotentialssuchthat:

For example,the exponentialfamiliesare - at with the canonicalparameterss -
afne coordinatesthe mixture family is - at with the mixture coefcients as -afne
coordinates, is at forall

optimalestimatesn at families
As indicatedin sectionll, the optimal estimateis the projectionof
which is the minimizer of the functional . We seethat, in general,

thedivergenceasafunctionof theparameters hasnotasimpleexpressionHowever,
with - at manifolds,we obtainanexplicit solution.Noting that:

thesolutionis:



This meansthatthe optimal estimateis the a posteriori expectationof the afne
coordinatesSincethe only degree of freedomof the afne coordinatess the af ne
transformationthis estimates invariantunderaf ne reparameterization.

Noting alsothat:

Thenthe a posteriori expectationof the afne coordinateds the optimal
estimate.

Prior selectionwith at families

The prior hasthefollowing generakxpression:

where is the equivalent referencedistribution in the manifold . When we
assumehat is at with afne coordinates anddualafne coordinates |, the
expressiorof the prior becomes:

where and  aretheafne coordinate®f

Thereforewe have anexplicit analyticexpressiorof the prior.

In theEuclidearcasethatis whentheconnection is equatltoits dualconnection
whichis equivalentto equalityof theaf ne coordinates ,the priordistribution
is Gaussiarwith mean andprecision —:

We detail herethe notion of prior projectionin the particularcaseof  -autoparallel

submanifolds . s -autoparallein if andonly if, atevery point
, the covariantdervative remainsin thetangentspace of the submanifold
atthepoint . A simplecharacterizatiomn at manifoldsis thatthe -afne

coordinates of formanafne subspacef thecoordinates .We canshow that
by asuitableaf ne reparametrizationf ,thesubmanifold isde nedas:

IS x ed
where is the dimensionof . If we considerthe space  suchthe comple-
mentarydualaf ne coordinates are x ed( ), thenthetangent
spaces and atthe point are orthogonal.Consequentlythe projected

priorfrom onto issimply:



Hence we seethatthe projectedprior ontoa -autoparalleimanifoldis the maginal-
izationin the afne coordinatesand not in with respectto the  coordinatesasit
seemdntuitive at a rst look. This is essentiadueto the dual af ne structureof the
space .

IV. MIXTURE OF -FLAT FAMILIES AND SINGULARITIES

The mixture of distributions has attracteda great attentionin that it gives a wider
explorationof theprobabilitydistributionsspaceébasenasimpleparametriananifold.
For instance by the mixture of Gaussiangwhich belongsto a - at family) we can
approachary probability distribution in total variationnorm. In this section,we study
thegeneralkaseof themixtureof at families.Thespacecanbede ned as:

is at

wherethemanifolds  areeitherdistinctor not.

The mixture distribution canbe viewed asan incompletemodelwherethe weighted
sumis considerechisa maginalizationover the hiddenvariable representinghelabel
of themixture. Thus andtheweights aretheparametersf
a mixture family. We considemow the statisticallearningproblemwithin the mixture
family. A mixture of at familiesis not, in general, at. Thereforethe optimal
estimatehave no morea simple expression However, with dataaugmentatiorproce-
durewe canconstructiterative algorithmscomputingthe solution. Here,we focuson
thecomputatiorof the prior of the mixture density

The prior hasthefollowing expression:

B (8)

Themixture (mamginalization)form of thedistribution leadsto acomplex expression
of the divergenceandthe determinanbf the Fisherinformation. However, the com-
putationof theseexpressionsn the completedatadistribution spacegRodriguez2001,
[8]] is feasibleand givesexplicit formula. By completedata , we meanthe union of
theobsereddata andthehiddendata . Thereforethedivergencewill beconsidered
betweercompletedatadistributions:

where is the completelikelihood and includesthe parameterf the
conditionals andthediscreteprobabilities



Theadditivity propertyof the -divergenceis notconseredunless isequalto or
[Amari1985,[3]]:

Consequentlyin the specialcaseof , we have thefollowing simpleformula:

Singularitieswith mixture families

It is known thatin learningthe parameter®f Gaussiammixture densities[Snoussi
2001]themaximumlik elihoodfails becausef thedegenerag of thelik elihoodfunction
toin nity whencertainvariancegoto zeroor certaincovariancematricesapproactthe
boundaryof singularity In [Snoussi2001,[9]], thereis an analysisof the occurrence
of this situationin the multivariate Gaussiarmixture case.In this section,we give a
generakonditionleadingto this problemof degenerag occurringin thelearningwithin
themixtureof at families.

Let a at manifoldand thenaturalafne coordinateand thedualafne
coordinatesThetwo coordinatesystemsarerelatedby LegendretransformatioffAmari
1985,[3]]:

where istheFishermatrixand and arethedualpotentials.

It is clearfrom the expressiornof the variabletransformatiorbetweerthe two af ne
coordinateghat a singularity of the Fisherinformation matrix leadsto non differ-
entiability in the transformatiorbetween and . A singularityof meansthatthe
determinanbf this matrix is zero.Thereforejt is interestingto studythe behaiour of
the dual divemgenceat the boundaryof singularityandwe will showv in anexamplethat
the dual divergencesmay have differentbehaiour asthe distribution approachethe
boundaryof singularity

To illustratesuchbehaiour, we take a Gaussiarfamily
whichis a -dimensionaktatisticalmanifold - at. The -afne coordinatesaare and
the -afne coordinatesre givenby thefollowing expressions:

(9)



Thecorrespondingrisherinformationare:

(10)
The canonicadivergencehasthe following expression:
(11)
where and arethepotentialsgivenby:
— o — o (12)

We seethatthe degenerag occurswhenthevariance goesto zero.A detailedstudy
of how this degenerag occursin the Gaussiarmixture caseis in [Snoussi2001,[9]]
andis reviewedin the exampleof the next section.Herewe focuson the differenceof
behaiour of thetwo canonicaldivergences and

Theexpressiorof the prioris:

Following the completedataprocedure:

Theresultingprior is factorizedandseparatethto independenpriorsonthecomponents
of the Gaussiammixture.Combiningexpression®f (9), (10), (11) and( 12) we notethe
following comparisorof the and priorsthroughtheir dependencesn the variance

is is
Exponential Polynomial
where , areconstant.
We notethat:
 For , theprior decrease®d when approacheghe boundaryof singularity
with anexponentialtermleadingto aninverseGammaprior for thevariance.
 For , theprior decrease®d when approacheghe boundaryof singularity

with a polynomial term leadingto a Gammaprior for the variance We note
thepresencef theparameter inthepowerterm.

This kind of behaiour pushesus to usethe prior in thatit is ableto eliminatethe
degenerayg of thelik elihoodfunction.



V. EXAMPLES

In this sectionwe developthe prior in learning problems:Multivariate Gaussian
mixtureandblind sourceseparatiorandsegmentation.

V.1 Multi variate Gaussianmixtur e

The multivariateGaussiamixture distribution of is:
(13)

where and aretheweight,meanandcovarianceof thecluster . Thiscanbe
interpretedasanincompletedataproblemwherethemissingdataarethelabels
of theclusters Thereforethe mixture (13) is consideregsa mamginalizationover :

where isthesetof theunknovn meansandcovariancesOur objectiveis theprediction

of the future obsenations given the trained data . The whole parameter
characterizinghe statisticalmodel is . We considernow the derivation of
the prior for andcomparethetwo resultingpriors.

The prior hasthefollowing form:

Thereforewe haveto computethe  divergenceandthe Fisherinformationmatrix. As
notedin the previous sectionandfollowing [Rodriguez2001,[8]], the computationis
consideredn the completedataspace of obsenations andlabels , is
the numberof obsenations.In fact, we meanthe numberof virtual obsenationsasthe
constructiorof the prior precedeshereal obsenations.We have:



By classifyingthelabels andusingthe sequentiaBayesrule between and
, the divergencedecome:

where isthe divergencebetweertwo multivariateGaus-
sians:

- Tr

The Fishermatrix is block diagonalwith  diagonalblocks correspondingo the
componentof the mixture. Eachblock  with size hasalsoa diagonal
form ( is thedimensionof thevector ):

where is the Fisher matrix of the multivariate Gaussianand has the following
expression:

whosedeterminants:
Thus,thedeterminanof theblock is:
- (14)

The additionalform of the divergenceqimplying the multiplicative form of
their exponentials)andthe multiplicative form of the determinanof the Fishermatrix
(due to its block dlagonalform) lead to an independentpriors of the components

. The two valuesof lead to two
differentpriors

(15)



with,

is thewishartdistribution of an matrix:
- —Tr

The -prior is Normal InverseWishartfor the meanandcovariance and
Dirichlet for theweight , thatis the conjugate prior.

— — (16)

where isthegeneralizedsammafunctionof dimension ([6] page ):

The -prior (16) is the generalizedentropic prior [Rodriguez2001, [8]] to the
multivariate case.We seethat the prior is a Wishart function of the covariance
matrices andtheprior is aninverse Wishart function of the covariancesThis
leadsto a differenceof the behaiour of thesefunctionson the boundaryof singularity
(thesetof singularmatrices).

V.2 Sourceseparation

Thesecondexampledealswith thesourceseparatiomproblem.Theobsenations
are samplesof -vectors.At eachtime , the vectordata is supposedo be a
noisy instantaneousmixture of an obsered -vectorsource with unknovn mixing
coefcients forming the mixing matrix . This is simply modeledby the following
equation:

wheregiventhe data , our objectve is the recovering of the original sources

andtheunknavn matrix . The Bayesiampproachakento solve thisinverseproblem
[Knuth 1998[10], Djafari 1999[11], Snoussi2002,[12]] needsalsothe estimationof
the noise covariancematrix and the learningof the statisticalparameterf the
original sources . In the following, we supposethat the sourcesare statistically
independenandthat eachsourceis modeledby a mixture of univariateGaussiansso



that we have to learneachsetof source parameters which containsthe weights,
meansandvariancesomposinghemixture :

The index indicatesthe source and indicatesthe Gaussiancomponent of the
distribution of the source . Thereforewe don't have a multidimensionalGaussian
mixture but insteadndependentinidimensionalGaussiammixtures.

In the following, our parametenf interestis : the mixing matrix
the noisecovariance  and containsall the parameter®f the sourcesnodel. Our
objectiveis the computatiorof the priorsfor . We have anincompletedata
problemwith two hierarchiesof hiddenvariables the sources andthelabels
so that the completedataare . We begin by the computationof the
Fisherinformationmatrix whichis commonto the bothgeometries.

a Fisherinformation matrix

TheFishermatrix isde ned as:

Thefactorizationof the joint distribution as:

andthecorrespondingxpectationsas

and taking into account the conditional independencies(

and ), the Fisher information matrix will
have a block diagonalstructureasfollows:

a. -block
The Fisherinformationmatrix of is:



which is very similar to the Fisherinformationmatrix of the meanandcovarianceof a
multivariateGaussiardistribution. The obtainedexpressiorns

where — and istheKroneclerproduct.

We notetheblock diagonalityof the -Fishermatrix. Thetermcorresponding
to themixing matrix is thesignalto noiseratio ascanbe expected.Thus,theamount
of informationaboutthe mixing matrix is proportionalto the signalto noiseratio. The
inducedvolumeof is then:

a. -block

Each is the Fisherinformation of a one-dimensionaGaussiandistribution.
Thereforejt is obtainedby setting in theexpression(14) of the previous section:
b -Divergence( )

The -divergencebetweerntwo parameters and for
thecompletedatalik elihood is:

Similar developmentf the above equationasin the computationof the Fishermatrix

basedntheconditionalindependenciesgadto anaf ne form of thedivergencewhich

is asumof theexpecteddivergencebetweerthe parameterandthedivergence
betweernhe sourceparameters :



where  meansthe divergencebetweenthe distributions and

keepingthesources x ed.

The -divergencebetween and s the sumof the -divergencesbetweeneach
sourceparameter and duetothea priori independencbetweerthesourcesThen,
thedivergencebetween and s obtainedasa particularcase( ) of thegeneral
expressiorderivedin themultivariatecase Thereforewe have thesameform of theprior
asin equationg15) and(16).

Theexpression®f the averageddivergencedetweerthe parameterare:
- Tr
Tr
- Tr
Tr

leadingto thefollowing priorson

Thereforethe -prioris anormalinverseWishartprior (conjugateprior). Themixing
matrix and the noise covarianceare not a priori independentin fact, the covariance

matrix of  is the noiseto signalratio — . We note a multiplicative term
whichis apower of thedeterminanbf thea priori expectationof the sourcecovariance
. Thistermcanbeinjectedin theprior andthusthe parameterand

the parameterarea priori independent.
The -prior (entropic prior) is normal Wishart. The mixing matrix and the noise
covarianceare a priori independensincethe noiseto signalratio —

dependnthereferencgarameter . However, wehavein counterparthedependence

of and throughtheterm presentn thecovariancematrixof . In practice,
we preferto replacethe expectedcovariance , in thetwo priors, by its reference
value

We note that the precisionmatrix for the mixing matrix  ( for
and for ) is the productof the con denceterm — in the

referenceparametersand the signal to noiseratio. Therefore,the resulting precision



of thereferencematrix  is notonly our a priori coefcient  but the productof this
coefcient andthesignalto noiseratio.

VI. CONCLUSION AND DISCUSSION

In this paper we have shovn the importanceof providing a geometry(a measureof
distinguishibility)to thespaceof distributions.A differentgeometrywill give adifferent
learning rule mappingthe training datato the spaceof predictive distributions. The
prior selectionprocedureestablishedn a statisticaldecisionframevork needsto be
takenin a speci ed geometry We have tried to elucidatethe interactionbetweenthe
parametricand non parametriomodeling. The notion of "projectedmass”givesto the
restrictedparametricmodelizationa non parametricsenseand shows the role of the
relative geometryof the parametrianodelin thewhole spaceof distributions.The same
investigationsareconsideredn the interactionbetweena curved family andthe whole
parametrianodelcontainingit. Exactexpressionsareshown in a simple caseof auto-
parallelfamiliesandwe areworking on the moreabstracspaceof distributions.
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