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Abstract. In this contribution, we studythe problemof prior selectionarisingin Bayesianinfer-
ence.Thereis anextensive literatureon theconstructionof noninformative priorsandthesubject
seemsfar from a de�nite solution[1]. Herewe revisit this subjectwith differentialgeometrytools
andproposeto constructthe prior in a Bayesiandecisiontheoreticframework. We show how the
constructionof a prior by projectionis thebestway to take into accounttherestrictionto a partic-
ular family of parametricmodels.For instance,we apply this procedureto the curvedparametric
familieswherethe ignoranceis directly expressedby therelative geometryof therestrictedmodel
in thewidermodelcontainingit.

INTR ODUCTION

Experimentalsciencecanbe modeledasa learningmachinemappingthe inputs � to
theoutputs� (see�gure � ). Thecomplexity of thephysicalmechanismunderlyingthe
mappinginputs/outputsor the lack of informationmake the predictionof the outputs
given the inputs(forward model)or the estimationof the inputsgiven the outputs(in-
verseproblem)adif�cult task.Whenaparametricforwardmodel�����
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�� is assumed
to be available from the knowledgeof the system,one can usethe classicalML or
whena prior model ���
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�� is assumedto beavailabletoo, theclassical
Bayesianmethodscanbeusedto obtainthe joint a posteriori ���
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� from whichwecanmakeany inferenceabout� and 
 . But in many
practicalsituationsthequestionof modeling�����
	

��� and ���

��� is still openandto vali-
dateamodel,oneuseswhatis calledthetrainingdata�
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���������� ! " . Thentheroleof
statisticallearningbecometrying to �nd ajoint distribution ���#�

� belongingin generalto
thewholesetof probabilitydistributionsandto exploit themaximumof relevantinfor-
mationto provide somedesiredpredictions.In thispaper, wesupposethatwearegiven
sometrainingdata�$�� ! " and �

�� ! " andsomeinformationaboutthemappingwhichcon-
sistsin a model %

�'&)(

�#�

�+* of probabilitydistributions,parametric( %

�,&)(

�#�-	
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or nonparametric.Our objective is to constructa learningrule . mappingtheset / of
training data �

�

�

�$�� ! "��

�

�� ! "0� to a probability distribution �213% or to a probability
distribution in thewholesetof probabilities�4165 :
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Figure � . Learningmachinemodelof experimentalscience

TheBayesianstatisticallearningleadstoasolutiondependingonthepriordistribution
of theunknown distribution � . In theparametriccase,this is equivalentto theprior AB�


��

on the parameter
 . Finding a generalexpressionfor AB�


�� and how this expression
re�ects the relationshipbetweena restrictedmodel and the closer set of ignorance
containingit arethemainobjectivesof thispaper. Weshow theprior expressiondepends
on thechosengeometry(subjectivechoice)of thesetof probabilitymeasures.Weshow
that the entropicprior [Rodriguez �DCECF� , [2]] and the conjugateprior of exponential
familiesarespecialcasesrelatedto specialgeometries.

In sectionI, wereview brie�y someconceptsof Bayesiangeometricalstatisticallearn-
ing andthe role of differentialgeometry. In sectionII, we develop the basicsof prior
selectionin a Bayesiandecisionperspective andwe discusstheeffect of modelrestric-
tion both from nonparametricto parametricmodelizationandfrom parametricfamily
to a curved family. In sectionIII, we studythe particularcaseof G -�at familieswhere
previousresultshave explicit formula.In sectionIV, we comeacrossthecaseof G -�at
familiesmixture.In sectionV, we applytheseresultsto a coupleof learningexamples,
themixtureof multivariateGaussianclassi�cationandblind sourceseparation.We end
with aconclusionandindicatesomefuturescopes.

I. STATISTICAL GEOMETRIC LEARNING

I.1 H Massand Geometry

The statisticallearningconsistsin constructinga learning rule . which mapsthe
trainingmeasureddata� to aprobabilitydistribution <
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(the predictive distribution). The subset % is in generala parametricmodeland it is
calledthecomputationalmodel.Therefore,our targetspaceis thespaceof distributions
and it is fundamentalto provide this spacewith, at least in this work, two attributes
which arethemass(a scalar�eld) anda geometry. Themassis de�ned by ana priori
distribution A-�P�

� on thespace5 beforecollectingthedata � andmodi�ed accordingto
Bayesianruleafterobservingthedatato givethea posterioridistribution(see�gure Q ):
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where(

���T	��

� is �����

� thelikelihoodof theprobability � to generatethedata� .
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Figure Q . a posteriorimassproportionalto theproduct
of thea priori massandthelikelihoodfunction.

Thegeometrycanbede�ned by the G -divergenced
e :
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whichis aninvariantmeasureunderreparametrizationof therestrictedparametricmodel
% . It is shown [Amari 1985,[3]] that, in the parametricmanifold % , the G -divergence
inducesa dualistic structure ��p
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Theparametricmanifold % is G -�at if andonly if thereexistsaparameterization|‰ˆ)�Š‚ such
thattheChristoffel symbolsvanish:r
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�Xs�t u
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��‹�•Œ . Thecoordinates|‰ˆD�ƒ‚ arecalledtheaf�ne
coordinates.If for adifferentcoordinatesystem|XˆEŽ
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‚ , theconnectioncoef�cients arenull
thenthetwo coordinatesystems|Xˆ‡�•‚ and |Xˆ)Ž
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All theabovede�nitions canbeextendedto nonparametricfamiliesby replacingthe

partial derivativeswith the Fréchetderivatives.Embeddingthe model % in the whole
spaceof �nite measures•5 [Zhu et al. 1995,[4, 5]] not only the spaceof probability
distributions 5 , many resultscanbe proven easilyfor the main reasonthat •

5 is G -�at
and G -convex –—G in |XŒ˜�

�

‚ . However, 5 is G -�at for only G
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� . For notationconvenience,weusethe G -coordinates
e

• of apoint �41™• 5 de�ned as:

e

•

�P�

�=�

�

e›š

G

A curve linking Q points œ and • is a function ž•7
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• . A curve is a G -geodesicin the G -geometryif it is a straightline in the
G -coordinates.



I.2 H Bayesianlearning

The lossquantityof a decisionrule . with a �x ed G -geometrycanbe measuredby
the G -divergencedfeD�P�

�

.��#�

� � betweenthetrueprobability � andthedecision.=�#�

� . This
divergenceis �rst averagedwith respectto all possiblemeasureddata � andthenwith
respectto theunknown trueprobability � whichgivesthegeneralizationerror z

��.

� :
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Therefore,theoptimalrule .De is theminimizerof thegeneralizationerror:
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Thecoherenceof Bayesianlearningis shown in [Zhu etal. 1995,[4, 5]] andmeansthat
theoptimalestimator.¥e canbecomputedpointwiseasafunctionof � andwedon't need
ageneralexpressionof theoptimalestimator.‡e :
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By variationalcalculation,thesolutionof (1) is straightforwardandgives:
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The above solutionis exactly the gravity centerof the set •
5 with mass(

�P�°	��

� , the a
posterioridistributionof � andthe G -geometryinducedby the G -divergenced6e . Herewe
have theanalogywith thestaticmechanicsandtheimportanceof thegeometryde�ned
on the spaceof distributions.The whole spaceof �nite measures •5 is G -convex and
thus,independentlyon thea posterioridistribution (

���°	��

� thesolution
®

� belongsto •5
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I.3 H RestrictedModel

In practicalsituations,we restrictthe spaceof decisionsto a subset%³1´• 5 . % is in
generalaparametricmanifoldthatwesupposeto beadifferentiablemanifold.Thus % is
parametrizedwith acoordinatesystem|‰ˆ‡�ƒ‚¶µ

�P��� where• is thedimensionof themanifold.
% is alsocalledthecomputationalmodelandwepreferthisappellationbecausethemain
reasonof therestrictionis to designandmanipulatethepoints � with their coordinates
which belongto an opensubsetof ·

µ . However, the computationalmodel % is not
disconnectedfrom non parametricmanipulationsandwe will show that both a priori
and�nal decisionscanbelocatedoutsidethemodel % .

Let'scomparenow thenonparametriclearningwith theparametriclearningwhenwe
areconstrainedto aparametricmodel % :

1. Non parametric modeling: The optimal estimateis the minimizer of the gener-
alizationerror wherethe true unknown point � is allowed to belongto the whole



space •5 andtheminimizer < is constrainedto % :
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Thusthesolutionis the G -projectionof thebarycentre
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Figure ½ . Projectionof thenonparametricsolution
ontothecomputationalmodel

2. Parametric modeling: The optimal estimateis the minimizer of the samecost
function asin the non parametriccasebut the true unknown point � is alsocon-
strainedto bein % :
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(3)
The solutionis the G -projectionof the barycentre
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Figure Ã . Projectionof thebarycentresolution
ontotheparametricmodel



Theinterpretationof theparametricmodelingasa nonparametriconeandtheeffect
of suchrestrictioncanbedonein two ways:

1. Thecostfunctionto beminimizedin equation(3) is thesameasthecostfunction
in (2) when� is allowedto belongto thewholeset •5 andthea posteriori (

���°	��

� is
zerooutsidethemodel % . This is thecasewhentheprior (

���

� has % asits support.
However this interpretationimpliesthatthebestsolution

®

� which is thebarycentre
of % canbelocatedoutsidethemodel % andthushasa priori azeroprobability!

2. The secondinterpretationis to say that the cost function to be minimized in
equation(3) is thesameasthecostfunction in (2) whenthea posteriori (
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is theprojectedmassof thea posteriori (

�P�°	��

� onto themodel % . We notehere
theroleof thegeometryde�nedonthespace5 andtherelativegeometricshapeof
themanifold.For instance,theignoranceis directly relatedto thegeometryof the
model % . Theprojecteda posteriorior a priori canbecomputedby:
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Themanipulationof theseconceptsin thegeneralcaseis veryabstract.However, in
sectionIV, wepresenttheexplicit computationsin thecaseof restrictedautoparallel
parametricsubmanifold%

�

1—% of G -�at families.

II. PRIOR SELECTION

Thepresentsectionis themaincontributionof this paper. We addressheretheproblem
of prior selectionin a Bayesiandecisionframework. By prior selection,we meanhow
to constructa prior (

�P�

� respectingthe following rule: Exploit the prior knowledge
without addingirrelevant information.We notethat this representsa tradeoff between
somedesirablebehaviour anduniformity of the prior. We want to insist here,that the
prior selectionmustbeperformedbeforecollectingthedata� , otherwisethecoherence
of theBayesianrule is brokendown.

In a decisionframework, the desirablebehaviour can be statedas follows: Before
collectingthetrainingdata,provide a referencedistribution ��Ê asa decision.Therefer-
encedistribution canbeprovidedby anexpertor by our previousexperience.Now, we
have theinverseproblemof thestatisticallearning.Before,thea posterioridistribution
(mass)is �x ed andwe have to �nd the optimal decision(barycentre).Now, the opti-
mal decision�ËÊ (barycentre)is �x ed andwe have to �nd the optimal repartition AB�P�

�

accordingto theuniformity constraint.In orderto have theusualnotionsof integration
andderivation,weassumethatourobjective is to �nd theprior on theparametricmodel
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Thecostfunctioncanbeconstructedasaweightedsumof thegeneralizationerrorof
the referenceprior andthe divergenceof the prior from the Jeffreys prior (The square
root of thedeterminantof theFisherinformation[6]) representingtheuniformity. It is



worthnotingthatweareconsideringtwo differentspaces:thespace •5 of �nite measures
andthe spaceof prior distributionson the �nite measures.Sincewe have two distinct
spaces,we can choosetwo different geometrieson eachspace.For example, if we
considerthe G -geometryon the space •5 and the � -geometryon the spaceof priors,
wehave thefollowing costfunction:
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wherežmÒ is thecon�dencedegreein thereferencedistribution ��Ê and žØÔ theuniformity
degree.Consideredindependently, thesetwo coef�cients arenot signi�cant. However,
their ratio is relevantin thefollowing. Thecost(4) canberewrittenas:
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where z

��.¥Ê

� is thegeneralisationerrorof a �x edlearningrule .‡Ê . By variationalcalcu-
lation,we obtainthesolutionof theminimizationof thefunction(4):

A-�


��=SMÜ

l˜ÝßÞ

Ý#àÓá

Á â

¢›ã

t

¢

Û�ä

×

p��


�� (5)

We note that if G

�

� then the cost function (4) is the kullback-Leiblerdivergence
betweenthejoint distributionsof dataandparametersasconsideredin [Rodriguez1991,
[2]] andif G

�¸Œ weobtaintheconjugateprior for exponentialfamilies(seeexamplesin
sectionVI). Whenthevalueof theratio žFÒ

š

žØÔ goesto Œ , weobtaintheJeffreysprior and
whenthis ratio goesto å weobtaintheDiracconcentratedon ��Ê .

The modelrestrictionto the parametricmanifold % is essentiallyfor computational
reasons.However, thereferencedistributionis aprior decisionanddoesnotdependona
postprocessingaftercollectingthedata.Therefore,thereferencedistribution ��Ê canbe
locatedin thewholespaceof probabilitymeasures.Wecanalsohaveeitheradiscreteset
of æ referencedistributions �P�

�
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�P��� weightedby ��ž
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�P��� or acontinuoussetof reference
distributions(a region or the whole setof probability distributions)with a probability
measure(

���ËÊ

� correspondingto theweights ��ž
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����� in thediscretecase.Weshow in the
following thattheprior solution A hasthesameform as(5).
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1ç% : Whenthereferencedistribution �èÊ is locatedoutsidethemodel % , the G -
divergencedfeD�P�
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generalizedPythagorerelation[Amari et al. 2000[7]]:
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is the �g9hG -projectionof �ËÊ onto % (see�gure é ).
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Figure é . Theequivalentof thenonparametricreferencedistribution
is its �g9hG projectionontotheparametricmodel % .

Giving theprior solution:
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If wede�ne the �g9hG -barycentre�èï of thesystem&
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Figure ø . Theequivalentreferencedistribution is the �g9hG projection
of the �g9hG barycentreof the æ referencesdistributions.

3. When we have a continuousset 5�ùûú
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5 of referencedistributions with a mass
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In thesameway, we de�ne the �o92G barycentre��ï of ��5$ù
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is the �o92G projectionof the �o9hG expectationreference.



Theabove resultsshow thatwhatever thechoiceof the referencedistribution is, the
resultingprior hasthesameform with acertain(nonarbitrary)referenceprior belonging
to themodel % . Theexistenceof many referencedistributions(or evenacontinuousset)
indicatesimplicitly theexistenceof hyperparameterandtheresultingsolutionshowsthat
this hyperparameteris integratedandat thesametime optimizedif thea priori average
(thebarycentre)is consideredasanoptimizationoperation.

III. 
 -FLAT FAMILIES

In thissectionwestudytheparticularcaseof G -�at families. % is a G �at manifoldif and
only if thereexistsa coordinatesystem|Xˆ‡�ƒ‚ suchthat theconnectioncoef�cients roeD�


��

arenull. Wecall |XˆD�•‚ anaf�ne coordinatesystem.It is known that G -�atnessis equivalent
to ��96G �atness.Therefore,thereexist dualaf�ne coordinates|��\�Š‚ suchthat r
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Oneof themany propertiesof G -�at familiesis thatwecanexpress,in asimpleway, the

G -divergencedfe asa functionof thecoordinates
 and 
 andthusany decisioncanbe
computedwhile manipulatingtherealcoordinates.It is shown in [Amari 1985,[3]] that
thedualaf�ne coordinates|‰ˆD�ƒ‚ and |��€�Š‚ arerelatedby Legendretransformationsandthe
canonicaldivergenceis:
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For example,the exponentialfamiliesare � -�at with thecanonicalparametersas � -
af�ne coordinates,themixture family is Œ -�at with themixturecoef�cients as Œ -af�ne
coordinates,•
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 optimalestimatesin 
 �at families

As indicatedin sectionII, the G optimalestimateis the G projectionof N
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thedivergenceasafunctionof theparameters|‰ˆ‡�Š‚ hasnotasimpleexpression.However,
with G -�at manifolds,we obtainanexplicit solution.Noting that:
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This meansthat the G optimal estimateis the a posteriori expectationof the G af�ne
coordinates.Sincethe only degreeof freedomof the af�ne coordinatesis the af�ne
transformation,thisestimateis invariantunderaf�ne reparameterization.

Notingalsothat:
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Then the a posteriori expectationof the ��9•G af�ne coordinatesis the ��9•G optimal
estimate.

Prior selectionwith 
 �at families

The G prior A hasthefollowing generalexpression:
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where �‹Êk1Ì% is the equivalent referencedistribution in the manifold % . When we
assumethat % is G �at with af�ne coordinates|Xˆ‡�Š‚ anddualaf�ne coordinates|��†�•‚ , the
expressionof theprior becomes:
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‚ aretheaf�ne coordinatesof �ËÊ .
Therefore,wehaveanexplicit analyticexpressionof theprior.
In theEuclideancase,thatis whentheconnectionq isequalto its dualconnectionq

v ,
whichis equivalentto equalityof theaf�ne coordinates|Xˆ…�ƒ‚€�M|��€�Š‚ , the G prior distribution
is Gaussianwith mean
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We detailherethenotionof prior projectionin theparticularcaseof q

v -autoparallel
submanifolds% ��J³% . % � is ���g9hG

� -autoparallelin % if andonly if, at everypoint �61

%!� , thecovariantderivative q

v

Ú#"

~%$ remainsin the tangentspace&

¢

of thesubmanifold
%!� at the point � . A simplecharacterizationin �at manifoldsis that the �n�}9 G

� -af�ne
coordinates|�'Ë�Š‚ of % � form anaf�ne subspaceof thecoordinates|��E�•‚ . Wecanshow that
by asuitableaf�ne reparametrizationof % , thesubmanifold%(� is de�ned as:
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Hence,we seethattheprojectedprior ontoa q v -autoparallelmanifoldis themarginal-
ization in the G af�ne coordinatesandnot in with respectto the 
1) coordinatesas it
seemsintuitive at a �rst look. This is essentialdue to the dual af�ne structureof the
space •5 .

IV. MIXTURE OF 
 -FLAT FAMILIES AND SINGULARITIES

The mixture of distributions has attracteda great attentionin that it gives a wider
explorationof theprobabilitydistributionsspacebasedonasimpleparametricmanifold.
For instance,by the mixture of Gaussians(which belongsto a Œ -�at family) we can
approachany probability distribution in total variationnorm. In this section,we study
thegeneralcaseof themixtureof G �at families.Thespacecanbede�ned as:
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Themixturedistribution canbeviewedasan incompletemodelwheretheweighted

sumis consideredasa marginalizationover thehiddenvariable± representingthelabel
of themixture.Thus�

@

�82:9

����±
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9

� andtheweights����±

� aretheparametersof
a mixture family. We considernow the statisticallearningproblemwithin the mixture
family. A mixture of G �at families is not, in general,G �at. Thereforethe G optimal
estimateshave no morea simpleexpression.However, with dataaugmentationproce-
durewe canconstructiterative algorithmscomputingthe solution.Here,we focuson
thecomputationof the G prior of themixturedensity.

The G prior hasthefollowing expression:
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Themixture(marginalization)form of thedistribution �

@ leadsto acomplex expression
of the G divergenceandthe determinantof the Fisherinformation.However, the com-
putationof theseexpressionsin thecompletedatadistribution space[Rodriguez2001,
[8]] is feasibleandgivesexplicit formula.By completedata � , we meanthe union of
theobserveddata� andthehiddendata� . Therefore,thedivergencewill beconsidered
betweencompletedatadistributions:
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Theadditivity propertyof the G -divergenceis not conservedunlessG is equalto Œ or
� [Amari1985,[3]]:
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Singularitieswith mixture families

It is known that in learningthe parametersof Gaussianmixture densities[Snoussi
2001]themaximumlikelihoodfailsbecauseof thedegeneracy of thelikelihoodfunction
to in�nity whencertainvariancesgoto zeroor certaincovariancematricesapproachthe
boundaryof singularity. In [Snoussi2001,[9]], thereis an analysisof the occurrence
of this situationin the multivariateGaussianmixture case.In this section,we give a
generalconditionleadingto thisproblemof degeneracy occurringin thelearningwithin
themixtureof G �at families.

Let % a G �at manifoldand |‰ˆD�ƒ‚ thenaturalaf�ne coordinatesand |��E�ƒ‚ thedualaf�ne
coordinates.Thetwo coordinatesystemsarerelatedby Legendretransformation[Amari
1985,[3]]:
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is theFishermatrixand � and
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arethedualpotentials.
It is clearfrom theexpressionof thevariabletransformationbetweenthe two af�ne

coordinatesthat a singularity of the Fisher information matrix p leadsto non differ-
entiability in the transformationbetween
 and 
 . A singularity of p meansthat the
determinantof this matrix is zero.Therefore,it is interestingto studythebehaviour of
thedualdivergenceat theboundaryof singularityandwe will show in anexamplethat
thedualdivergencesmayhave differentbehaviour asthedistribution � approachesthe
boundaryof singularity.

To illustratesuchbehaviour, we take a Gaussianfamily &�I
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which is a Q -dimensionalstatisticalmanifold Œ -�at. The Œ -af�ne coordinatesare 
 and
the � -af�ne coordinatesare 
 givenby thefollowing expressions:
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ThecorrespondingFisherinformationare:
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Thecanonicaldivergencehasthefollowing expression:
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arethepotentialsgivenby:
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We seethat thedegeneracy occurswhenthevarianceK goesto zero.A detailedstudy
of how this degeneracy occursin the Gaussianmixture caseis in [Snoussi2001,[9]]
andis reviewedin theexampleof thenext section.Herewe focuson thedifferenceof
behaviour of thetwo canonicaldivergencesd4Ê and d

� .
Theexpressionof the G prior is:
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Following thecompletedataprocedure:
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Theresultingprior is factorizedandseparatedinto independentpriorsonthecomponents
of theGaussianmixture.Combiningexpressionsof (9), (10),(11)and( 12)wenotethe
following comparisonof the Œ and � priors throughtheir dependenceson the variance
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Exponential Polynomial

where k , lEÊ areconstant.
We notethat:

• For G

�3Œ , theprior decreasesto Œ when � approachestheboundaryof singularity
~

% with anexponentialtermleadingto aninverseGammaprior for thevariance.
• For G

�

� , theprior decreasesto Œ when � approachestheboundaryof singularity
~

% with a polynomial term leadingto a Gammaprior for the variance.We note
thepresenceof theparameter4 � in thepower term.

This kind of behaviour pushesus to usethe Œ prior in that it is able to eliminatethe
degeneracy of thelikelihoodfunction.



V. EXAMPLES

In this sectionwe develop the G prior in Q learningproblems:MultivariateGaussian
mixtureandblind sourceseparationandsegmentation.

V.1H Multi variate Gaussianmixtur e

ThemultivariateGaussianmixturedistributionof �

1 ·

µ is:
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where4

u , n³u and oÎu aretheweight,meanandcovarianceof theclusterl . Thiscanbe
interpretedasanincompletedataproblemwherethemissingdataarethelabels �#±

���������� ! p

of theclusters.Therefore,themixture(13) is consideredasamarginalizationover ± :
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where
 is thesetof theunknownmeansandcovariances.Ourobjectiveis theprediction
of the future observationsgiven the traineddata �����?rŸ�
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ë•ë�s . The whole parameter
characterizingthe statisticalmodel is 
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o�0d2� . We considernow the derivation of
the G prior for G²1
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* andcomparethetwo resultingpriors.
The G prior hasthefollowing form:
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Therefore,wehaveto computethe d
e divergenceandtheFisherinformationmatrix.As
notedin the previous sectionandfollowing [Rodriguez2001,[8]], the computationis
consideredin thecompletedataspace�evÉ‘
/
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p

of observations �}� andlabels ±

� , s is
thenumberof observations.In fact,we meanthenumberof virtual observationsasthe
constructionof theprior precedestherealobservations.Wehave:
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By classifyingthelabels �

�� ! p andusingthesequentialBayesrule between���� ! p and
�

�� ! p , the G divergencesbecome:
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Ih��� is the Œ divergencebetweentwo multivariateGaus-
sians:
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The Fishermatrix is block diagonalwith ‡ diagonalblocks correspondingto the
componentsof the mixture. Eachblock p

� with size ��•
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� hasalsoa diagonal
form ( • is thedimensionof thevector �‰ˆ ):
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where p?• is the Fisher matrix of the multivariate Gaussianand has the following
expression:
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The additionalform of the &)Œ˜�
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* divergences(implying the multiplicative form of
their exponentials)andthemultiplicative form of thedeterminantof theFishermatrix
(due to its block diagonal form) lead to an independentpriors of the components
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The Œ -prior is Normal InverseWishartfor themeanandcovariance�
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wherer

µ

is thegeneralizedGammafunctionof dimension• ([6] pageÃØQ‚	 ):
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The � -prior A

� (16) is the generalizedentropicprior [Rodriguez2001, [8]] to the
multivariatecase.We seethat the prior A

� is a Wishart function of the covariance
matricesoÎ� andthe prior AìÊ is an inverseWishart function of the covariances.This
leadsto a differenceof thebehaviour of thesefunctionson theboundaryof singularity
(thesetof singularmatrices).

V.2H Sourceseparation

Thesecondexampledealswith thesourceseparationproblem.Theobservations�ì�� ! p

are s samplesof ± -vectors.At eachtime ² , the vector data �1ˆ is supposedto be a
noisy instantaneousmixture of an observed • -vectorsource³

ˆ with unknown mixing
coef�cients forming the mixing matrix “ . This is simply modeledby the following
equation:
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wheregiventhedata ���� ! p , our objective is the recoveringof theoriginal sources³
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andtheunknown matrix “ . TheBayesianapproachtakento solve this inverseproblem
[Knuth 1998[10], Djafari 1999[11], Snoussi2002,[12]] needsalsothe estimationof
the noisecovariancematrix o

µ

and the learningof the statisticalparametersof the
original sources³

�� ! p . In the following, we supposethat the sourcesare statistically
independentandthat eachsourceis modeledby a mixture of univariateGaussians,so



that we have to learneachsetof sourceµ parameters


s

which containsthe weights,
meansandvariancescomposingthemixture µ :
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The index µ indicatesthe sourceµ and r indicatesthe Gaussiancomponentr of the
distribution of the source µ . Thereforewe don't have a multidimensionalGaussian
mixturebut insteadindependentunidimensionalGaussianmixtures.

In the following, our parameterof interestis 
 �

�ß“

�ao

µ

�




� : themixing matrix “ ,
the noisecovarianceo

µ

and 
 containsall the parametersof the sourcesmodel.Our
objective is thecomputationof the G priorsfor Gû1

&)Œ˜�

�

* . We have anincompletedata
problemwith two hierarchiesof hiddenvariables,thesources³

�� ! p andthe labels �

�� ! p

so that the completedataare �

���� ! p��

³

�� ! p��

�

�� ! p�� . We begin by the computationof the
Fisherinformationmatrixwhich is commonto thebothgeometries.

aš Fisher information matrix

TheFishermatrix ¶T�


�� is de�ned as:

¶

�Xs

�


��=�

9

z

w

ö�x x y

t ·

ö�x x y

t

£

ö�x x y

¬

~

=

~E��~…s

ÕŠÖE©

���

�í�� ! p��

³

�� ! p��

�

�� ! p

	


��
®

Thefactorizationof thejoint distribution ���

���� ! p��

³

�� ! p��

�

�� ! p

	


�� as:

���

�í�� ! p��

³

�� ! p��

�

�� ! p

	


��=�

���

�$�� ! p

	<³

�� ! p��

�

�� ! p���ˆE�

���e³

�� ! p

	��

�� ! p���ˆ†�

���#�

�� ! p

	

ˆ†�

andthecorrespondingexpectationsas
z

w

ö�x x y

t ·

ö�x x y

t

£

ö�x x y

|PëX‚m� z

£

ö�x x y

|�ë‰‚ z

·

ö�x x y

�

£

ö�x x y

|PëX‚ z

w

ö�x x y

�

·

ö�x x y

t

£

ö�x x y

|PëX‚

and taking into account the conditional independencies( �

�j�� ! p

	�³

�� ! p��

�

�� ! p��†¸

�

�í�� ! p

	�³

�� ! p�� and �0³

�� ! p

	��

�� ! p��«¸ —

³

s

�� ! p

	��

s

�� ! p ), the Fisher information matrix will
haveablock diagonalstructureasfollows:

p��


��=�

Š¹

¹

¹

¹

¹

‹

p��#“

�jo

µ

� ë„ë ë |XŒ€‚

... p���


�

�

...

|XŒ€‚ ë„ë ë

p��<


µ
�

Œ»º

º

º

º

º

•

a.�

š

�ß“

�ao

µ

� -block

TheFisherinformationmatrix of �#“

�jo

µ

� is:

¶

�Xs

�#“

�jo

µ

�=�

9

z

·

z

w

�

·

¬

~

=

~\��~)s

ÕŠÖE©

���

�í�� ! p

	�³

�� ! p=�

“

�ao

µ

�
®



which is very similar to theFisherinformationmatrix of themeanandcovarianceof a
multivariateGaussiandistribution.Theobtainedexpressionis
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Similar developmentsof theabove equationasin thecomputationof theFishermatrix
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Therefore,the Œ -prior is anormalinverseWishartprior (conjugateprior). Themixing
matrix and the noisecovarianceare not a priori independent.In fact, the covariance
matrix of “ is the noiseto signal ratio
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referenceparametersand the signal to noiseratio. Therefore,the resultingprecision



of thereferencematrix “hÊ is not only our a priori coef�cient žFÒ but theproductof this
coef�cient andthesignalto noiseratio.

VI. CONCLUSION AND DISCUSSION

In this paper, we have shown the importanceof providing a geometry(a measureof
distinguishibility)to thespaceof distributions.A differentgeometrywill giveadifferent
learningrule mappingthe training data to the spaceof predictive distributions. The
prior selectionprocedureestablishedin a statisticaldecisionframework needsto be
taken in a speci�ed geometry. We have tried to elucidatethe interactionbetweenthe
parametricandnon parametricmodeling.The notion of "projectedmass"givesto the
restrictedparametricmodelizationa non parametricsenseand shows the role of the
relativegeometryof theparametricmodelin thewholespaceof distributions.Thesame
investigationsareconsideredin the interactionbetweena curvedfamily andthewhole
parametricmodelcontainingit. Exactexpressionsareshown in a simplecaseof auto-
parallelfamiliesandweareworkingon themoreabstractspaceof distributions.
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