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Abstract.

The Bayesian recipe is simple but powerful: ” Compute the posterior by mul-
tiplying the likelihood by the prior”. Often Monte Carlo simulation is the only
effective technique for dealing with realistic likelihoods in many dimensions. Algo-
rithms based on Markov Chains (MCMC) are able to approximate samples from
complicated distributions that are known only up to a normalization constant but
most MCMC methods are asymptotic and may take a long time to converge. This
paper shows how the time to convergence and the quality of the approximation
can be dramatically improved by making the algorithms travel along paths in the
space of distributions.

More specifically. Let f and g be two probability densities (may be known
only up to normalization constants) on the same probability space. We show a
collection of new algorithms for approximating samples from f by sampling from g
and uniforms only. These algorithms make use of a newly discovered exact rejection
constant for two mixtures, hy = ¢tf + (1 — t)g between g and f. Specifically,

ht+5 < (1 + E/t)ht

This bound allows exact rejection algorithms to be combined with approximate
MCMC algorithms producing remarkable improvements in performance. The meth-
ods are general. There are no constraints on the forms of f or g or the number of
dimensions.

Key words: Markov Chain Monte Carlo, MCMC, Rejection Method, Metropolis
Algorithm, Simulated Annealing, Mixture Connection

1. Introduction

The problem of computer simulation is simply the problem of generating samples
from a given probability distribution. Nowadays there exist efficient algorithms for
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9=y,

Figure 1. Path Connecting g and f

generating from most of the standard distributions of mathematical statistics such
as Cauchy, Poisson, Gaussian, etc (see Devroye’s book [1]).

In this paper we focus our attention on the problem of generating approximate
samples from a probability distribution that typically does not have a name. Our
interest are multimodal, high dimensional densities that are known only up to
a normalization constant. An important application is the problem of simulating
posterior distributions for realistic (complex) priors and likelihoods. Without extra
information about the form of the density, the number of off the shelf methods
available for simulation gets reduced to variations of the Metropolis algorithm
([2-4).

The Metropolis algorithm approximates samples from a given distribution by
sampling, for a sufficiently long time, a Markov chain that is known to have the
desired density as its long run stationary distribution. The theory of Markov chains
assures asymptotic convergence for any initial distribution but in practice the
quality of the samples depends on the starting point and on the length of the run.
Clearly, the closer (e.g. in total variation norm) the initial distribution is to the
target, the faster we should expect to reach the stationary distribution.

An obvious idea, already used in the so called method of thermodynamic inte-
gration, is to connect an initial density g to the target density f via a path in the
space of distributions (see Figure 1). Now, instead of trying to go with Metropolis
from g straight towards f, we go to f by climbing up the path with little interme-
diate steps. This simple trick can generate dramatic improvements in the quality
of estimates ([5]).

We introduce in this paper a general approach for improving the quality of
Metropolis samples. Our method is based on the fact that every density h; =
tf+(1—1t)g along the mixture connection between g and f envelopes all the other
densities h¢qe located further up the mixture path with rejection constant 1+ ¢/¢.
This simple but extremely powerful result is proved as Lemma (1) below. A number
of algorithms for combining Metropolis with the exact Rejection method (see e.g.
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[1]) are immediately suggested by this Lemma and we look at some of them in
the paper. The idea behind these algorithms is that it is not difficult to arrive at
hy (for t = 0) if we start Metropolis iterations from g since ||hy — g|| < ¢ in the
total variation norm. Once we obtain a sample from h; we may try to climb up the
mixture path towards f by using the exact rejection constants given by Lemma (1).
We may, for example, try to climb straight towards f but we should expect 1/¢
rejections before success. A better strategy is to take intermediate steps along
the mixture path. We use simulated annealing to approximate optimal strategies
obtaining dramatic improvements of efficiency. For example, if we subdivide the
mixture path from g to f into 1000 equal steps [1,2,...,1000] then the annealing
algorithm produced [1, 2,5, 14,40, 117,344, 1000] as the best sequence of steps. The
expected number of rejections for this sequence is only 16.1 which is two orders
of magnitude better than the naive sequence [1,1000] that has 1000 expected
rejections. These best found sequences are essentially the same for all g, all f and
all dimensions.

2. The Main Lemma
Lemma 1 Let,
yi(2) = to(z) + (1 — t)u(z)
be the mixture connection between two positive functions. Then, for all values of x
tere(@) < (14 7) (@)

for allt and € so that the mizture parameters are always in [0, 1].

Proof: just write,

y o dee(®) o m(@) +e(v(z) —u(z))
7e() 7e(x)
Ly ) @)
= 7i(x)

and consider two cases.

Case I: v(z) < u(z) In this case it follows from the last equation that, A < 1.
Case II: v(z) > u(z) For this case write the denominator in the last equation
above as, v:(z) = u(x) + t(v(z) — u(z)) and divide the numerator and the
denominator by (v(z) — u(z)) to obtain,
€

A:1+t+u(m)/(u(m)—u(m)) <1+Z

Q.E.D.
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3. Climbing up the Mixture Path

What I call The MontyCarlos method is a general class of algorithms that makes
use of Lemma (1) to combine Metropolis with Rejection. Let us assume that we
want to go from an initial distribution with density proportional to g to a target
distribution with density proportional to f along the mixture path v = tf + (1 —
t)g. Choose a positive integer n and divide the interval [0, 1] into n equal pieces
with end points 1/n,2/n,...,n/n. The MontyCarlos algorithm depends on a given
sequence of integers L = [1,ny,ny,...,n,n] with 1 < ny < ny < ... < n. The
sequence L encodes the points along the mixture path

Y1/ns Yni/n> Vnafns -+ Vng/ns Tn/n

that the algorithm will visit. The algorithm alternates Metropolis steps, starting
from the last visited mixture, with Rejection tests attempting to climb up to the
next point in the L sequence. Figure 2 shows the complete algorithm in pseudo
code. The two subroutines used in the main algorithm, Reject and Met are shown
in Figure 3 and Figure 4.

Figure 5 illustrates the MontyCarlos method for n = 12 and the sequence
L = [1,2,5,10,12]. The algorithm starts by generating a sample from g = 7
then starting from this sample it moves (horizontally in the picture) with a few
Metropolis iterations to get a new sample from 71,, = 7112 and from here again
Metropolis towards ¥3/,. Then the algorithm tries to qualify the observed sample
from 75/, as a sample from 74/, (since 4 4+ 1 is the next entry of L) by using the
exact rejection constants given by Lemma (1). If the sample is accepted then it is
saved as a backup by starting Metropolis from there towards 75,,,. If the sample
from 73/, is rejected as a sample from 7,,, then the algorithm falls back to the
previous backup sample and starts again from there. The algorithm continues in
this way up and down until it eventually reaches the top producing a sample from
f. Notice that once a sample gets accepted at a given height, that position gets
anchored (indicated by the open circles in the picture) and it becomes the safety
net to fall on to in the event of a rejection.

When n is small and ¢ is close to f the method can be used for generating
independent samples from f. For really complicated high dimensional f a high
value for n is needed and there is no guarantee that ¢ is close to f. In such
cases, the method can be used for producing a single sample from f and after
that continue with a version of metropolis but now knowing that metropolis has
converged.

4. Searching for the Optimal Stepping Steps

The performance of the MontyCarlos method depends on the sequence of inter-
mediate steps L. In this section we indicate how to obtain good sequences L for a
given value of n. To do this we compute the expected cost of a sequence L under
the assumption that the cost of a Metropolis step 18 M much bigger than the cost
m of a rejection test. The value of M should reflect the computational cost of
producing a sample from 7;41/, by performing Metropolis iterations starting from
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MontyCarlos (u,v,n, L, Stop_crit)

{

PARS «— (u,v,n, Stop_crit)
li—0

r «— sample u()

rsaved «— x

for each If in L

{
if (If =li+1)

{

rsaved «— x

r «— Met(zsaved,lf/n, PARS)
}

else if (If <n)

{
rsaved «— Reject(x,zsaved, li,lf —1, PARS)

r — Met(zsaved,lf/n, PARS)
}

else

{

r «— Reject(z,zsaved,li,n, PARS)
}
li —1f
}

Return z }

Figure 2. The MontyCarlos Algorithm

a sample from 7;. Simulations experiments indicate that the best sequences L do
not depend on the values of M and m as long as M > m.

For a given sequence L we denote the path followed by the algorithm as a string
of symbols of the form

s=>t/t+e

where this indicates going with Metropolis from v, to 4; (with cost M) and at-
tempting to qualify the sample from v; as a sample from ;4. (at a price of m). If
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Reject (x, xsaved, li,lf, PARS)

{
while (unif()T-[u(z) + (v(2) —u(2))] > u(@) + 5 (v(x) = u(x)))

{
r — Met(zsaved,li/n, PARS)

}

Return z }

Figure . The e ection nction

Met (z,1, PARS)

{
he — u(z) + t(v(z) — u(z))
until (Stop_crit)

{

— sample p( z)

h—wu()+1(o( ) —u( )
if ((h > hz) or (unif() < h /hz))

{

X

hz —h }
}

Return z }

Figure . The Metro olis nction

the sample gets rejected then we fall back to s and start again. By the fundamental
Lemma (1) the expected number of rejections is (1 + ¢/t) so the expected cost is,

< >=(M+m) (1+§) (1)
To compute the expected cost of a general path we break up the path into in-

dependent segments and add the corresponding expected costs using equation (1).
For example L = [1,2,5,10, 12] follows the path (see Figure 5),

0=>1=2/4=5,/ =10 12



SAMPLING WITH CONNECTIONS 7

=y

Metropolis

Figure . The MontyCarlos Method ith te s

that decomposes into the independent segments,

0=1 (< >=M)
1=2 /4 (< >:%(M+m))

4=5/ (<« >= g(M+m))

=10,/12 (<« >= %(M—{—m))

adding the expected costs for each segment we obtain a total expected cost of
M + 5(M + m). In this way we can assign an expected cost to every sequence
of steps L. The number of sequences L that end with n increases exponentially
with n. For values of n > 50 or so, it becomes impractical to search the whole
space of L’s but the simulated annealing algorithm produces excellent values very
quickly. Table 6 shows the best found sequences for different values of n. The
expected costs were computed with M = 100 and m = 1. The last column shows
the expected number of rejections associated to the sequence. Figure 7 shows the
least squares fit of the observed best expected number of rejections < R > against
logn. All the data fall almost exactly on the fitted line indicating that the best
number of expected rejections increases logarithmically with n. The linear fit is so
remarkably accurate that it is reasonable to believe that it holds for all n but we
have not been able to prove it.

A ni ersal Class of Starting Points

The performance of the MontyCarlos method depends on the choice of starting
density g. Feasible g’s must possess the following characteristics:
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n best found L < ost> < Re ections >
10 | [1,2,4,10] 504.0 4.0
20 | [1,24, ,20] 677. 5.7
50 | [1,2,6,17,50] 1. 1
100 | [1,2,5,13,36,100] 10 6. .
200 [1,2,5,12,30,76,200] 12 6.6 11.7
500 [1,2,6,1 ,54,164,500] 154 . 14.3
1000 | [1,2,5,14,40,117,344,1000] 1726.6 16.1
2000 | [1,2,5,13,35, 6,262,721,2000] 1 15.0 1.0
5000 | [1,2,5,15,4 ,153,4 7,1556,5000] | 21 .0 20.7
Figure . The est o nd e ences
Fitted Line: <R> = 2.68 log(n) - 2.36
20+
15+
<R>
10+
54
0 2 a 6 8 10
log(n)
Figure . est o nd ected m ero e ections against log

1. They are easy to evaluate up to a constant. i.e., we must know how to evaluate
u(z) with g(z)  u(z).

2. There is available an efficient algorithm to produce samples with density g.
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3. g should be close to the target f.

A general class of starting points with the above characteristics is given by the
rst Metropolis transition towards f starting from a point zg where f(z¢) is large
and a sufficiently spread proposal.
Clearly there is an algorithm available. Starting from z, we generate a sample
z from a proposal distribution with density p(z z¢). If f(z) > f(z0) we go there
for sure. Otherwise, we flip a coin with probability of heads f(z)/f(zo) and we
go to visit the proposed sample z if the coin comes up heads. If the coin comes
up tails we stay at g and try another proposal proceeding in the same way as
before until we eventually move away from zg. Let g(z) be the density of the first

visited state which is different from zq. Let g(z) = u(z)/  with = u(z)dz
and f(z) =wv(z)/ with = w(z)dz. Then denoting by,
() = a ifa>0
@+ 7 0 otherwise
we have,

Theorem 1

u(z) = {v(2) — (v(2) — v(20))+ }p(z 20) (2)

Moreover,
if p(z o) < 1 for all z, then > . (3)
Proof: Let g, 1,...be the Metropolis Markov Chain and to simplify the nota-
tion assume, without loss of generality, a discrete state space. Then for = zg
Pl .= o =xg9] = Ppropose and accept 0 = Zo]

= p( =xg)Placcept propose , o= zg]
p( zo) if v( ) > v(zo)

—p( zo) ifo( ) <wv(z)
and this can be written on a single line as
v( ) = (v() = v(xa))+
[ 1 0 I‘Q] 'U(CEQ) p( IO) ( )
Thus, the probability of staying on zg will be  with,
= Pl 1=z o= (5)
1 v( ) = (v( ) —v(=))+

v(20)

P( 330)

Let the random variable  denote the value of the first visited state different from
zg. ence, using the Markov property and equations (5) and (4) we obtain,

Pl = 0==zg] = Pl 1=z, 2=20,..., kK 1=2%0, ¢= , 0= &g
Bl
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= g1 Ul )—(1’5(330; v(z0))4 p( z0)

which shows (2). To show (3) assume the premise and partition the state space
into = {z:v(z)> v(zo)} and the rest = to get,

= v(z)de + v(z)de
> v(zg)dr + v(z)dz

> v(zo)p(z xo)de + v(x)p(x zo)dx =

Q.E.D.

As a Corollary of the main Lemma (1) and Theorem (1) we have,

Corollary 1 or any se uence of steps L and any pair of positive functions u and
v with < the MontyCarlos algorithm will nish after a nite number of
wterations with probability 1.

Proof: We show that for a given sequence of steps L, the expected number of
rejections for the MontyCarlos method along the normalized mixture path from
g to f is larger than for the unnormalized path from u to v when < in
particular when u is taken as (2) with proposal distribution satisfying (3).

Let

yi(2) = to(z) + (1 = t)u(z)
and let,
= wldr= 1 - )

By the basic Lemma (1) we have,

pere(x) < (14 7) 7(2) (6)

this inequality is used in the rejection method to sample uniformly under the graph
of 7:4¢ producing as a consequence a sample with density proportional to y;y..

owever, the expected number of rejections is given by the rejection constant only
when the densities are normalized (see [1]). Thus, denoting by

i) = ()

we obtain from (6) that,
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Tore(®) < (14+5) (@) (™)

By Theorem (1), > . Thus,
t t

= <1
t+e t+€( — )

sing this last inequality together with (7) we obtain, that the expected number of
rejections when using the unnormalized u and v functions is smaller than (1 +¢/?)
anywhere along the path. Q.E.D.

. UNNORMALIZED MI TURES

The above corollary shows that the expected number of iterations for the Mon-

tyCarlos algorithm is finite. ence, the algorithm halts with probability one. The

same conclusion is reached for any positive functions u and v as long as >

It may seem that by making smaller we could improve the performance of

the algorithm but this is obviously incorrect. It is not difficult to show that as
decreases the algorithm speeds up only at the expense of the quality of the

approximation. To see this let,

A=— ()

When ¢ and f are normalized densities the total variation distance between the
mixtures v = tf + (1 — t)g and ;4. is at most €. owever, for unnormalized
positive functions u and v, we have,

vi(z) = L f(z)+ &

13 13

g9(z) ()

which shows that a f-mixture of v and u is really a ¢+ -mixture between the corre-
sponding normalized densities f and g where,

2 2

t = — =
t t+ L

(10)

and we have,

¢
=gl < = (11)

When X increases to  the value of ¢ approaches 1 and hence, vy =1 = f. On
the other hand when A goes to 1 we have t =¢. quation (10) shows that there
is a tradeoff between the expected number of rejections necessary to pass from
t to t + € along the mixture path of unnormalized functions and the quality of
the approximation. For we can only reduce the expected number of rejections by
increasing A which makes the actual position ¢ along the mixture of normalized
densities g and f to get closer to f. From (6) we can write explicitly the expected
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number of rejections to jump from ¢ to ¢t 4+ € along the mixture path between
unnormalized functions v and v as,

et ) = <1+e/t>%
_ _(A+et)
N 1+t+t
1+¢/t .
L+ (12)

Notice the interesting limits of ¢(¢,¢, A) that can be obtained from (12). First ¢
approaches 1 when either € goes to zero or A goes to . owever, A going to
makes ¢ to go to 1 and this case really gives the same information as when € goes
to 0. Also of interest is the fact that ¢ approaches when ¢ goes to 0 showing
that there is a singularity for the rejection algorithm at ¢ = 0. It takes an infinite
amount of time to get out of the initial point u with only rejections.

rom to

The existence of exact rejection constants for points along the mixture connec-
tion allows to combine exact rejection methods with asymptotic methods based
on Markov chains. In principle the same trick can be applied to any path (not just
mixtures) provided we have the equivalent of Lemma (1) for that path. T believe
that by subdividing a general path into little mixture segments” it should be
possible to exploit Lemma (1) to approximate rejection constants for more general
paths. This is desirable, for once we learn how to navigate along different paths
we can then search for the best. The notion of best” will then correspond to a
notion of geodesic and therefore to a notion of curvature as well. A lot of unex-
plored geometry is clearly lurking behind computer sampling. At stake there is
the possibility of nothing less than the creation of automatic, objective, bayesian
inference engines based on entropic priors with free! parameter . Simulations,
source code and new developments will be available from the author’s server at
http  omega.albany.edu
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